The robustness to different sources of error of the scheme for non-adiabatic holonomic gates proposed in [New J. Phys. 14, 103035 (2012)] is investigated. Open system effects as well as errors in the driving fields are considered. It is found that the gates can be made error resilient by using sufficiently short pulses. The principal limit of how short the pulses can be made is given by the breakdown of the quasi-monochromatic approximation. A comparison with the resilience of adiabatic gates is carried out.
This scheme allows for universal quantum computation using gates that can be implemented rapidly compared to the adiabatic schemes, and therefore avoids the problems associated with a long run-time. Non-adiabatic HQC has been combined with decoherence free subspaces [10] and applied to coupled quantum dots as well as molecular magnets [11] . In this paper, we study some aspects of the robustness of one-qubit gates of the proposed nonadiabatic scheme to different kinds of errors and compare it to the robustness of the corresponding adiabatic gates based on the Duan et al. scheme.
To realize quantum computation, it is necessary to bring the error rate per gate operation down below some threshold where error correction can be used to make the computation reliable. This threshold error rate has been estimated in different settings and by different authors to be somewhere between 10 −6 and 10 −2 [12] [13] [14] [15] [16] . There are many different sources of imperfections and their relative importance is specific to which system is used for the implementation of the gate. We therefore limit our study to some general sources of error that are typically encountered in a variety of implementations. Specifically, we study the sensitivity to decay and dephasing and to imperfect control of the external driving fields.
Previously, it has been shown that adiabatic holonomic quantum gates are robust to first order against small random perturbations of the path in parameter space [5] . Further analysis of robustness to parametric noise has been carried out in Refs. [17] [18] [19] [20] , and robustness to environmental interaction has been studied in Refs. [21] [22] [23] [24] [25] [26] [27] [28] . Moreover, the adiabatic holonomic gates are insensitive to the rate at which the evolution is driven as long as the adiabatic approximation is valid [5] .
The outline of the paper is as follows. In Sec. II, we briefly review non-adiabatic and adiabatic HQC proposed in Refs. [9] and [6] , respectively. In Sec. III, we study the resilience of one-qubit gates to decay of the excited state, dephasing, detuning, and incorrect parameters of the driving fields. The paper ends with the conclusions.
FIG. 1: (Color online)
Setup for the non-adiabatic single-qubit holonomic gate in a Λ configuration (left) and for the adiabatic single-qubit holonomic gate in a tripod configuration (right). ωje is the energy spacing of the |j and |e level, and the driving fields are ωj (t) = Ω(t)ωje iν j t for j = 0, 1 in the non-adiabatic case and ωj (t) = Ωωj (t/T )e iν j t for j = 0, 1, a in the adiabatic case. The requirement for ideal gate implementation is νj = ωje in the non-adiabatic case and ν0 − ω0e = ν1 − ω1e = νa − ωae in the adiabatic case. In the non-adiabatic setup the qubit is encoded in the |0 and |1 states. In the adiabtic setup the qubit is encoded in the dark subspace of the Hamiltonian. Initially the driving fields must therefore be chosen such that the dark subspace coincides with the computational subspace spanned by |0 and |1 .
II. HOLONOMIC GATES A. The non-adiabatic gate
The one-qubit non-adiabatic gate can be implemented in a Λ-system in the following way. A pair of zerodetuned pulses with the same real-valued pulse envelope Ω(t) couples selectively two ground state levels |0 and |1 to an excited state |e . The corresponding Hamiltonian can be expressed in the rotating wave approximation as H (na) (t) = Ω(t) (ω 0 |e 0| + ω 1 |e 1| + h.c.) .
Here, the complex-valued driving parameters ω 0 and ω 1 satisfy |ω 0 | 2 +|ω 1 | 2 = 1, and describe the relative strength and relative phase of the |0 ↔ |e and |1 ↔ |e transitions. The Hamiltonian is turned on and off at t = 0 and t = τ , respectively, controlled by Ω(t). The pulse envelopes are described as monochromatic. It is therefore assumed that Ω(t) is slowly varying on the time scales 1 νj , where ν j is the frequency of the driving field addressing the |j ↔ |e transition, so that the quasi-monochromatic approximation is valid. This is equivalent to the requirement that ∆νj νj ≪ 1, where ∆ν j is the spectral width of the pulse [29] . For the rotating wave approximation to be valid, it is also necessary that Ω(t) ≪ ν j [30] . Furthermore, we take |0 and |1 to define the one-qubit state space. The Λ-configuration is illustrated in Fig. 1 .
The pulse-pairs are chosen such that ω 0 and ω 1 are time independent over the duration of each pulse pair. With this choice of parameters, the dark state |d = −ω 1 |0 + ω 0 |1 decouples from the dynamics and the evolution is reduced to a simple Rabi oscillation between the bright state |b = ω * 0 |0 + ω * 1 |1 and the excited state |e [31] . The Rabi frequency is Ω(t) and the subspace M (t) spanned by |ψ j (t) = e
, undergoes a cyclic evolution if the pulse envelope satisfies
Under the above conditions, the final time evolution operator U (τ, 0), projected onto the qubit space spanned by {|0 , |1 }, defines the traceless Hermitian holonomic one-qubit gate
where n = (sin θ cos φ, sin θ sin φ, cos θ) is a unit vector, C n is the evolution corresponding to ω 0 /ω 1 = − tan(θ/2)e iφ , and σ = (σ x , σ y , σ z ) is a vector of the standard Pauli operators acting on |0 , |1 . Thus, any traceless Hermitian SU(2) operation can be implemented using a pulse pair. Two pairs of pulses corresponding to the unit vectors n and m applied sequentially results in
which is an arbitrary SU(2) operation. Thus, U (C) is a universal one-qubit gate. The evolution is purely geometric since ψ j (t)|H (na) (t)|ψ k (t) = j|H (na) (t)|k = 0, j, k = 0, 1, for t ∈ [0, τ ]. C can be interpreted as the path of M (t) in the space of all 2-dimensional subspaces of the 3-dimensional Hilbert space, i.e., the Grassmann manifold G (3; 2) .
B. The adiabatic gate
The adiabatic scheme proposed by Duan et al. [6] is implemented utilizing a tripod-type system, where three ground states |0 , |1 , and |a are coupled to an excited state |e by the driving fields. Thus, the adiabatic implementation requires coherent control over an additional level compared to the non-adiabatic implementation using a Λ-system. The tripod configuration contains a 2-dimensional dark subspace, dependent on the field couplings. The system is prepared in a dark state belonging to the computational subspace spanned by |0 and |1 , and the field couplings are varied independently such that the system remains approximately in an instantaneous dark state in the limit of large run-time T . More precisely, to remain in the adiabatic regime, the evolution in parameter space must be slow compared to the dynamical time scale of the system given by the energy difference between the dark and bright energy eigenstates. The Hamiltonian for this system in the rotating wave approximation is
where we have assumed zero-detuned field couplings. For ideal gate implementation it is however only necessary that the field couplings are equally detuned. The tripod configuration is illustrated in Fig. 1 . The field parameters are varied through a closed loop in parameter space.
In this way, a universal set of one-qubit gates consisting of U 1 (Γ 1 ) = e i 1 2 Γ1|1 1| and U 2 (Γ 2 ) = e iΓ2σy , Γ 1 and Γ 2 being real numbers, can be realized.
The U 1 gate can be implemented by choosing ω 0 = 0,
iϕ , and ω a = cos(ϑ/2) and taking ϑ and ϕ around a loop c 1 in parameter space enclosing the solid angle Γ 1 = c1 sin ϑdϑdϕ. The U 2 gate can be implemented by choosing ω 0 = sin ϑ cos ϕ, ω 1 = sin ϑ sin ϕ, and ω a = cos ϑ and taking ϑ and ϕ around a loop c 2 in parameter space enclosing the solid angle Γ 2 = c2 sin ϑdϑdϕ.
III. ANALYSIS OF GATE ROBUSTNESS
There are two qualitatively different sources of error for the holonomic gates. One is open system effects caused by the interaction with the environment. The other is imperfect control of the parameters of the Hamiltonian due to unavoidable instabilities of the setup. These parameters are associated with the external driving fields used to control the system and are described as classical fields.
Among open system effects, decay of the excited state and dephasing are important. These will be considered in Sec. (III B). The non-adiabatic scheme populates the excited state during the action of each pulse pair and it is therefore crucial to study the resilience to decay as a function of the operation parameters. In the adiabatic implementation, the excited state is populated only infinitesimally and therefore the adiabatic gates are robust against decay in the adiabatic limit. While decay is typically the dominant open system effect in trapped atomic systems [32] , dephasing plays a central role in superconducting circuits [33, 34] .
Important sources of errors due to parametric instability are detuning and imperfect control of the parameters of the driving field. These will be considered in Sec. (III C). Errors in detuning and pulse area in the nonadiabatic Abelian case for a two-level system have been analyzed in Ref. [35] .
The gate performance under open-system effects and parameter errors is quantified in terms of the gate fidelity χ|U † (C)̺ out U (C)|χ , where U (C) is the desired gate operation and ̺ out is the output state computed from the dynamics for the non-adiabatic and adiabatic gates with error sources. For the open system effects and detuning, the gate fidelities are computed numerically for 4000 input states |χ , uniformly distributed over the Bloch sphere with respect to the Haar measure. The evolution of each input state is numerically integrated from the dynamical equations using the adaptive time step fourth order Runge-Kutta-Fehlberg (RKF45) method. In the numerical simulations the robustness to error sources is investigated using two test gates, the π 2 phase-shift gate |j → e ijπ/2 |j , j = 0, 1, and the Hadamard gate |j →
Non-adiabatic and adiabatic implementations of these gates are described in Sec. (III A).
A. Test gates
Non-adiabatic test gates
In the non-adiabatic scheme, the π 2 phase-shift gate can be implemented by two pulse pairs, with the choice n = (cos φ, sin φ, 0) and m = (cos φ ′ , sin φ ′ , 0). The Hadamard gate, can be implemented by a single pulse pair with n = 1 √ 2
(1, 0, 1). The π-pulses used in the numerical simulation are hyperbolic secant pulses with maximal amplitude β. Explicitly, for the π 2 phase-shift gate we choose the two pulse pairs as Ω(t) (ω 0 , ω 1 ) = βsech(βt)(−1, 1)/ √ 2 and
where t s is their temporal separation. For a given β, the temporal separation t s must be chosen large enough so that the pulse overlap is negligible. This is a necessary condition to avoid any spurious dynamical contributions to the gate. The Hadamard gate is realized by a single pulse pair with shape Ω(t) (ω 0 , ω 1 ) =
. The pulses are truncated where the amplitude is β/1000, which gives the pulses a length τ = 2 1 β arcsech( 1 1000 ). Therefore, the pulse duration in the non-adiabatic setting decreases with increasing β as a result of the pulse area being set to the fixed value π. This means that the total time t r between preparation and read-out can be decreased as well. Thus, by increasing β we effectively speed up the gate. The implementation of two pulse pairs and the relevant operation times τ , t s , and t r are illustrated in Fig. 2 . Note that τ < t s in order to avoid overlap of the pulses. phase-shift gate (top) and the two curves in parameter space used to implement the Hadamard gate (bottom). The top and right bottom curves correspond to the field couplings ω0 = 0, ω1 = − sin(ϑ/2)e iϕ and ωa = cos(ϑ/2), while the left bottom curve corresponds to ω0 = sin ϑ cos ϕ, ω1 = sin ϑ sin ϕ and ωa = cos ϑ.
Adiabatic test gates
Next, we consider the adiabatic scheme. The π 2 phaseshift gate can be implemented by one loop in parameter space, while the Hadamard gate requires two loops. The ideal adiabatic π 2 phase-shift gate is generated in the ΩT → ∞ limit by varying the field couplings ω 0 = 0,
Here, |0 is decoupled from the excited state.
The ideal Hadamard gate is generated in the ΩT → ∞ limit by combining two loops. In the first loop, the field couplings are ω 0 = sin ϑ cos ϕ, ω 1 = sin ϑ sin ϕ and ω a = cos ϑ and these are varied along the loop (ϑ, ϕ)
In the second loop, the field couplings are ω 0 = 0, ω 1 = − sin(ϑ/2)e iϕ and ω a = cos(ϑ/2) and these are varied along the loop (ϑ, ϕ)
The curves in parameter space used to implement the adiabatic gates are illustrated in Fig. 3 .
Since the run-time T and the strength of the field coupling Ω are always finite for adiabatic gates, there will be non-adiabatic corrections that reduce the fidelity. These corrections are due to failure of the state to remain in the dark subspace during evolution. In Fig. 4 , we show the fidelity for the adiabatic test gates, for finite Ω and T . The fidelities are plotted as functions of the dimensionless quantity ΩT .
The oscillatory behavior of the fidelities, as a function of ΩT , is due to non-adiabatic effects. These effects can be understood as a combination of modified holonomies, caused by changes in the path of the computational subspace, and non-zero dynamical phases. The revivals seen in the fidelities have been pointed out previously in Ref. [25] . Some of the revivals reach unit fidelity and these can therefore be used to implement the desired gates for finite ΩT . However in the non-adiabatic regime the gate is not holonomic since there are both dynamical and geometrical contributions to the gate operation. For the π 2 phase-shift gate the maximal fidelity (red line) is unity for all ΩT since |0 is decoupled from the dynamics.
B. Open system effects
Decay
To investigate the sensitivity of the non-adiabatic scheme to decay we assume that the time scale of the applied pulses is large compared to the time scale of the dynamics underlying the decay process, so that the Markovian approximation is valid. Given this, we further assume that the excited state decays to an auxiliary ground state level |g [36] with a time independent rate γ. We compare the sensitivity of the non-adiabatic implementations of the test gates with that of the corresponding adiabatic implementations of the gates. The decay is modelled by the Lindblad equatioṅ
where ̺ t is the density operator, L = √ γ|g e|, and H(t) is either H (na) (t) or H (a) (t). In the non-adiabatic case, the constraint of having π-pulses implies that the only experimentally controllable parameters of principal importance are the maximal coupling strength β and the total time between preparation and read-out t r . The dynamics of the gate can be described in terms of two dimensionless parameters. These phase-shift gate (left) and Hadamard gate (right). The effect is quantified from top to bottom in terms of maximum (red), average (black), and minimum (blue) fidelities. We plot the fidelities as functions of the dimensionless quantity ΩT , where Ω is the time independent global strength of field couplings and T is the run-time of the gate.
can be chosen as β/γ and γt r . When the pulse is a perfect π-pulse the excited state is negligibly populated after the end of the pulse. Therefore, the relevant time scale for decay is the width of the pulse τ , which is proportional to 1 β . Since γτ ∝ γ β there is only one dynamically relevant dimensionless parameter.
The relevant operation parameters in the adiabatic case are the coupling strength Ω and run-time T . The dynamics can be characterized by two dimensionless parameters, which can be chosen as ΩT and γT . In the simulations we consider both a fixed coupling strength Ω 0 and vary T , and a fixed run-time T 0 and vary Ω.
In Fig. 5 , we show the fidelities of the test gates, computed from Eq. (5). The fidelities are plotted as functions of the dimensionless quantity β/γ in the nonadiabatic case, as well as Ω 0 T and ΩT 0 in the adiabatic case for fix coupling strength and fixed run-time, respectively. For the adiabatic case, we have chosen Ω 0 /γ = 12.5, in the case of fixed coupling strength, and in the case of fixed run-time we have chosen γT 0 = 8 for the π 2 phase-shift gate and γT 0 = 32 for the Hadamard gate. These choices are made to make the effect of decay non-negligible. Furthermore, in the non-adiabatic case we have chosen γt s = 8, which guarantees that there is no pulse overlap for the β/γ range shown.
The fidelities of the non-adiabatic gates tend monotonically to unity in the large β/γ limit for both test gates (left panels). This demonstrates that the non-adiabatic holonomic test gates can be made robust to decay of the excited state by employing pulses that are sufficiently short compared to the decay time 1 γ . For the Hadamard gate the maximal fidelity (red line) is identity for all β/γ. This is because it is implemented by a single pulse and the dark state of the Hamiltonian corresponding to this pulse is left unchanged by the dynamics and hence unaffected by the decay. For the π 2 phase-shift gate no state is left unchanged by the gate operation, which explains why maximal fidelity is slightly decreased for small β/γ.
The stability of the adiabatic gates to decay of the excited state in the adiabatic limit is confirmed as the fidelities of the adiabatic gates tend to unity in the large ΩT limit. However, the fidelity of the revivals will no longer reach unity when there is decay of the excited state. In the adiabatic implementation of the π 2 phase-shift gate the maximal fidelity (red line) is identity since |0 is decoupled from the dynamics and therefore unaffected by the decay. For the Hadamard gate no state is decoupled from the dynamics and therefore the maximum fidelity is low for small ΩT .
Dephasing
Dephasing is hard to eliminate in some implementations of holonomic gates, for example in superconducting Josephson junctions [34] . Therefore, we study the robustness of the non-adiabatic and adiabatic schemes to dephasing. More precisely, we consider dephasing in the |0 , |e and |1 , |e bases. The effect of dephasing is modeled by the Lindblad equatioṅ
where ̺ t is the density operator, L ke = √ ǫ(|e e|−|k k|) are the Lindblad operators, and H(t) is either H (na) (t) or H (a) (t). We use the assumption that the time scale of the process underlying the dephasing is short compared to the time scale of the pulses (Markovian approximation). We again compare the resulting fidelities of the non-adiabatic implementations of the two test gates with those of their corresponding adiabatic implementations.
In the non-adiabatic case, the operation parameters are β and the total time t r between preparation and read-out. The two dimensionless parameters describing the dynamics are β ǫ and ǫt r . Since the qubit space is not a decoherence free subspace of the dephasing, the full time between preparation and read-out is relevant for the fidelity of the gate operation. The best fidelity phase-shift gate (upper) and Hadamard gate (lower). The effect is quantified from top to bottom in terms of maximum (red), average (black), and minimum (blue) fidelities. The three panels show from left to right, the non-adiabatic gate with decay (left) and the adiabatic gate with decay, for a fixed coupling strength (middle) and fixed run-time (right). Choosing hyperbolic secant π-pulses with amplitude β, the non-adiabatic fidelities are plotted as functions of the dimensionless quantity β/γ. We plot the adiabatic fidelities as functions of the dimensionless quantities Ω0T and ΩT0, where Ω is the time independent global strength of field couplings, T is the run-time of the gate, and Ω0 and T0 are particular fixed values of these quantities. For the adiabatic gates we have chosen Ω0/γ = 12.5 for the case with fixed coupling strength and for the case of fixed run-time we have chosen γT0 = 8 for the
phase-shift gate and γT0 = 32 for the Hadamard gate. In the non-adiabatic case, we have chosen γts = 8, where ts is the temporal separation of the two pulses. ts is chosen sufficiently large to avoid pulse overlap for the β/γ range shown in the left panels.
is thus achieved when the total time is reduced to only the time required to implement the gates. To study the effect of dephasing on gate operation we have therefore assumed that gates are implemented immediately following preparation and that read-out is made immediately afterwards. This assumption reduces the relevant time to τ ∝ 1 β and the only relevant dimensionless parameter is therefore β ǫ . The relevant operation parameters in the adiabatic case are the coupling strength Ω and run-time T , and the dimensionless parameters describing the dynamics can be chosen as ΩT and ǫT . In the simulations we consider both a fixed coupling strength Ω 0 and vary the run-time, and a fixed run-time T 0 and vary the coupling strength.
In Fig. 6 , we show the fidelities of the test gates, computed using Eq. (6). The fidelities are plotted as functions of the dimensionless quantity β/ǫ in the nonadiabatic case, as well as Ω 0 T and ΩT 0 in the adiabatic case for fix coupling strength and fixed run-time, respectively. For the adiabatic case we have chosen Ω 0 /ǫ = 78.125, in the case of fixed coupling strength, and in the case of fixed run-time we have chosen ǫT 0 = 0.16 for the π 2 phase-shift gate and ǫT 0 = 0.32 for the Hadamard gate. These choices are made to make the effect of dephasing non-negligible. Furthermore, in the non-adiabatic case we have chosen ǫt s = 0.128, which guarantees that there is no pulse overlap for the β/ǫ range shown.
The fidelities of the non-adiabatic gates tend monotonically to unity in the large β/ǫ limit for both test gates (left panels). Thus, the non-adiabatic version of the holonomic π 2 phase-shift gate can be made resilient to the dephasing channel by employing sufficiently short pulses and reducing idle time before and after the pulses.
The adiabatic gates are not stable to dephasing in the limit T → ∞ and we see a gradual decline in the fidelities as run-time increases. If the run-time is fixed and Ω is increased the fidelities stabilize at some value below unity that is a function of the parameter ǫT 0 . To have high fidelity in the adiabatic case it is necessary that Ω can be made large compared to ǫ so that the adiabatic approximation is valid for a run-time at which the effect of dephasing is still negligible. Alternatively, Ω should be large enough so that the effect of dephasing is negligible at some T corresponding to a revival of the fidelity.
C. Parametric control
Detuning
We assume that the |j ↔ |e transition is driven by a laser pulse with frequency ν j . The associated detuning is ∆ j = 2πν j − ω je , where ω je is the corresponding energy spacing. Ideally, the detunings must vanish in the phase-shift gate (upper) and Hadamard gate (lower). The effect is quantified from top to bottom in terms of maximum (red), average (black), and minimum (blue) fidelities. The three panels show from left to right, the non-adiabatic gate with dephasing (left) and the adiabatic gate with dephasing, for a fixed coupling strength (middle) and fixed run-time (right). Choosing hyperbolic secant π-pulses with amplitude β, the non-adiabatic fidelities are plotted as functions of the dimensionless quantity β/ǫ. We plot the adiabatic fidelities as functions of the dimensionless quantities Ω0T and ΩT0, where Ω is the time independent global strength of field couplings, T is the run-time of the gate, and Ω0 and T0 are particular fixed values of these quantities. For the adiabatic gates, we have chosen Ω0/ǫ = 78.125 for the case with fixed coupling strength and for the case of fixed run-time we have chosen ǫT0 = 0.16 for the π 2 phase-shift gate and ǫT0 = 0.32 for the Hadamard gate. In the non-adiabatic case, we have chosen ǫts = 0.128, where ts is the temporal separation of the two pulses. ts is chosen sufficiently large to avoid pulse overlap for the β/ǫ range shown in the left panels.
non-adiabatic case while they must be all equal in the adiabatic setting. Here, we examine the effect of deviations from these ideal values on the gate fidelity. To simplify the analysis, we limit the study to time independent detunings.
Non-zero detunings give rise to additional diagonal terms in the Hamiltonian. In the non-adiabatic case, we have (7) where H (na) (t) is the ideal Hamiltonian in Eq. (1). Similarly, in the adiabatic case, we have
where now H (a) (t) is the ideal Hamiltonian in Eq. (4). If two detunings are equal but different from the third, there will only be one dark state, and if all three detunings are different from each other there will be no dark state at all. Thus, deviations from the ∆ 0 = ∆ 1 = ∆ a constraint destroy the dark state structure and the associated holonomy.
Note that we express H ∆ (t) in frames that are "co-rotating" with their respective detuned driving fields. Therefore, to compare the output of the gate operation ̺ out (t) generated by the detuned Hamiltonians, with the output of the desired gate operation U (C), we must transform ̺ out (t) to the frame co-rotating with the ideal driving fields. This is done through the transformation ̺ out (t) → e iSt ̺ out (t)e −iSt , where S = ∆ 0 |0 0| + ∆ 1 |1 1| in the non-adiabatic case and S = ∆ 0 |0 0| + ∆ 1 |1 1| + ∆ a |a a| in the adiabatic case. Note also that these frame rotations will remove the effect of the diagonal terms in Eqs. (7) and (8) for the part of the evolution where the driving fields vanish.
We study two principal cases. First, all detunings are set equal, and secondly, some of the detunings are assumed to be different. These cases are naturally captured by the mean and relative detunings. In the non-adiabatic setting, these read ∆ = . In some implementations it may be easier to control the relative detuning of the driving fields, than the mean detuning.
First, we investigate how gate operation is affected in the non-adiabatic case when a constant mean detuning is introduced and the relative detuning is zero. For comparison we also include the adiabatic implementations with the same mean detuning and all relative detunings zero.
The dynamics of the non-adiabatic gate with ∆ = 0 and δ = 0 depends on two dimensionless parameters that phase-shift gate (upper) and Hadamard gate (lower). The effect is quantified from top to bottom in terms of maximum (red), average (black), and minimum (blue) fidelities. The three panels show from left to right, the non-adiabatic gate with mean detuning (left) and the adiabatic gate with mean detuning, for a fixed coupling strength (middle) and fixed run-time (right). Choosing hyperbolic secant π-pulses with amplitude β, the non-adiabatic fidelities are plotted as functions of the dimensionless quantity β/∆. We plot the adiabatic fidelities as functions of the dimensionless quantities Ω0T and ΩT0, where Ω is the time independent global strength of field couplings, T is the run-time of the gate, and Ω0 and T0 are particular fixed values of these quantities. For the adiabatic gates we have chosen Ω0/∆01a = 6.25 for the case with fixed coupling strength and for the case of fixed run-time we have chosen ∆01aT0 = 16 for the π 2 phase-shift gate and ∆01aT0 = 64 for the Hadamard gate. In the non-adiabatic case we have chosen ∆ts = 80, where ts is the temporal separation of the two pulses. ts is chosen sufficiently large to avoid pulse overlap for the β/∆ range shown in the left panels.
can be chosen as β/∆ and ∆t r . However since the entire dynamics is generated by the driving fields the relevant time is the pulse length τ ∝ 1 β . Thus, β/∆ is the only relevant dimensionless parameter.
The relevant operation parameters in the adiabatic case are the coupling strength Ω and run-time T , and the dimensionless parameters describing the dynamics are ΩT and ∆T . In the simulations we consider both a fixed coupling strength Ω 0 and vary the run-time and a fixed run-time T 0 and vary the coupling strength.
In Fig. 7 , we show the fidelities of the gates computed using Eqs. (7) and (8) in the non-adiabatic and adiabatic case, respectively. The fidelities are plotted as functions of the dimensionless quantity β/∆ in the nonadiabatic case, as well as Ω 0 T and ΩT 0 in the adiabatic case for fix coupling strength and fixed run-time, respectively. We choose Ω 0 /∆ 01a = 6.25 in the case of fixed coupling strength. In the case of fixed run-time, we take ∆ 01a T 0 = 16 for the π 2 phase-shift gate and ∆ 01a T 0 = 64 for the Hadamard gate. Furthermore ∆t s = 80, which guarantees that there is no pulse overlap for the β/∆ range shown in the figure.
With a constant mean detuning and zero relative detuning, the fidelities of the non-adiabatic gates tend to unity in the large β/∆ limit (left panels). This demonstrates that the non-adiabatic versions of the holonomic test gates can be made robust to constant mean detuning by employing sufficiently short pulses. The adiabatic scheme is stable to constant mean detuning in the ΩT → ∞ limit.
Next, we consider nonzero relative detuning. The adiabatic implementation of the π 2 phase-shift gate does not involve any driving field coupled to the |0 ↔ |e transition. For this reason we consider the case where the only nonzero detuning is δ ≡ ∆ 1 of the driving field associated with the |1 ↔ |e transition.
The relevant dimensionless dynamical parameter for the non-adiabatic gates is β/δ. The relevant operation parameters in the adiabatic case are the coupling strength Ω and run-time T , and the dimensionless parameters describing the dynamics are ΩT and δT . In the simulations we consider both a fixed coupling strength Ω 0 and vary T and a fixed run-time T 0 and vary Ω.
In Fig. 8 , we show the fidelities of the test gates computed using Eq. (7) and (8) in the non-adiabatic and adiabatic case, respectively. The fidelities are plotted as functions of the dimensionless quantity β/δ in the nonadiabatic case, as well as Ω 0 T and ΩT 0 in the adiabatic case for fix coupling strength and fixed run-time, respectively. We have chosen Ω 0 /δ = 6.25 in the case of fixed coupling strength, while in the case of fixed run-time, we take δT 0 = 2 for the π 2 phase-shift gate and δT 0 = 64 for the Hadamard gate. Furthermore, δt s = 16, which guarantees that there is no pulse overlap for the β/δ range phase-shift gate (upper) and Hadamard gate (lower). The effect is quantified from top to bottom in terms of maximum (red), average (black), and minimum (blue) fidelities. The three panels show, from left to right, the non-adiabatic gate with relative detuning and the adiabatic gate with relative detuning, for a fixed coupling strength (middle) and fixed run-time (right). Choosing hyperbolic secant π-pulses with amplitude β, the non-adiabatic fidelities are plotted as functions of the dimensionless quantity β/δ. We plot the adiabatic fidelities as functions of the dimensionless quantities Ω0T and ΩT0, where Ω is the time independent global strength of field couplings, T is the run-time of the gate, and Ω0 and T0 are particular fixed values of these quantities. For the adiabatic gates we have chosen Ω0/δ = 6.25 for the case with fixed coupling strength and for the case of fixed run-time we have chosen δT0 = 2 for the π 2 phase-shift gate and δT0 = 64 for the Hadamard gate. In the non-adiabatic case we have chosen δts = 16, where ts is the temporal separation of the two pulses. ts is chosen sufficiently large to avoid pulse overlap for the β/δ range shown in the left panels.
shown in the figure.
With constant relative detuning, the fidelities of the non-adiabatic gates tend to unity in the large β/δ limit (left panels). The behavior is similar to the case with nonzero mean detuning. The adiabatic gates, on the other hand, are unstable to relative detuning and do not converge to any value of the fidelity when run-time T is increased while the coupling strength is fixed. Instead, the mean fidelity as a function of T is an oscillating function. If the run-time is fixed and Ω is increased the fidelities stabilize at some value that is a function of the parameter δT 0 and typically not unity.
The non-adiabatic gates can thus be made resilient to relative detuning by using short enough pulses. One way to have high fidelity in the adiabatic case, is to choose T corresponding to a maximum in the oscillating mean fidelity. This however requires precise knowledge of the relative detuning. Without such knowledge it must be possible to choose Ω/δ sufficiently large so that the first decline in fidelity due to relative detuning becomes significant only at run-times larger than the T required for the adiabatic approximation to be valid.
Driving field parameters
Control of the pulse envelope and the relative amplitudes and phases of the two driving fields is of crucial importance to gate operation. To study the effect of errors in the driving fields, we make the assumption that the deviations from the ideal case are such that the relative strength and relative phase of the |0 ↔ |e and |1 ↔ |e transitions are time independent during the implementation of a pulse-pair. Given this assumption the Hamiltonian can be written
where Ω(t) is the non-ideal pulse envelope and ω j are the non-ideal relative strength and phase of the transitions satisfying
Since the implementation of the non-adiabatic gates depends only on the area of the two pulses in each pulse pair and not on the exact shape, gate operation is robust to area preserving deviations in the shape. Only the deviation of a ≡ τ 0 Ω(t)dt from π is relevant.
If we introduce the notation H ≡ Ω(t)H 0 for the ideal Hamiltonian we can express the error due to the deviations in terms of the fidelity as
where |ψ is an arbitrary normalized input qubit state.
Using that H Assuming that a = π + δa and H 0 = H 0 + δH 0 , where δa and δH 0 = δω 0 |e 0| + δω 1 |e 1| + h.c. are small, we can expand the fidelity to second order in the deviations. This gives
Averaging over all input states gives the average fidelity
Thus, we can see that the one-qubit non-adiabatic holonomic gate is robust to first order in the deviations in the pulse area as well as in the relative phase and strength of the transitions. The error incurred by the incorrect parameters can be understood as a failure of the subspace M (t) to follow the correct path. If the area of the pulses deviates from π the state will not return to the computational subspace, and the final state will have a nonzero amplitude in the excited state. If the pulse area is π, the state will return to the computational subspace but the gate operation will not be the desired one unless ω0 ω0 = ω1 ω1 = e iα for some α ∈ R amounting to a e iα phase shift of both ω 0 and ω 1 .
A special case is when there is a deviation in the pulse area but correct relative strength and phase of the couplings. The second order dependence of the fidelity on δa in this case is consistent with the result of Ref. [35] for the Abelian case.
Although the above deviations in the parameters can lead to a gate operation that is not the desired one, the evolution is nevertheless still purely geometric during the implementation of the gate. This is in contrast to the error caused by detuning, where the reduced fidelity is due to the combined effect of modified holonomies and dynamical phases, and to the case with open system effects where the state evolves into a mixture of states that pick up different combinations of holonomies and dynamical phases. Another difference is that the error introduced by incorrect parameters is independent of the run-time of the gate.
IV. CONCLUSIONS
The non-adiabatic gate can be made resilient to decay of the excited state and to constant mean and relative detunings by employing pulses that are sufficiently short compared to the time scales of the decay and detuning. If the idle time between preparation of the qubit and readout can be made negligible, the gate will also be resilient to dephasing in the |e , |1 and |e , |0 bases, in the limit of short pulses. It is therefore of critical importance for the implementation of such gates that the pulse height β can be made sufficiently large relative to the dynamical parameters describing these sources of error.
There is a principal upper limit on how fast the pulses can be implemented given by the breakdown of the quasimonochromatic approximation when the pulse changes rapidly compared to the oscillations of the driving field. If the quasi-monochromatic approximation fails there will be non-negligible frequency components of the driving field other than the desired one. These may couple to other transitions in the system and reduce fidelity of the gate. There is also a limit given by the breakdown of the rotating wave approximation when the ratio of the pulse height to either of the energy spacings ω je , j = 0 or 1, becomes too large. This causes a non negligible BlochSiegert shift [30, 37] of the |j ↔ |e transition resonance frequency due to the effect of the counter-rotating terms that can no longer be neglected. Furthermore, the analysis of the sensitivity to open-system effects is only valid when the Markovian approximation holds. Thus, if the pulse duration is decreased to a point where it becomes comparable to the time scale of the dynamical processes underlying the open system effects, the analysis using Lindblad's equation is no longer valid and memory effects of the environment must be taken into account.
Control over the pulse shape is important only to the extent that the pulse area must be π. Moreover, the fidelity depends on small deviations in the pulse area and the other parameters of the driving fields only to second order. The gate cannot be made more robust to this source of error by decreasing run-time.
In comparison, the adiabatic gates are robust to decay and mean detuning in the limit of large run-time. They are however not robust to dephasing and relative detuning in this limit. Resilience to these sources of error in the adiabatic case requires that the field coupling strengths can be made large compared to the dephasing and relative detuning parameters, and that the run-time can be chosen sufficiently small to make the error due to relative detuning or dephasing negligible. The requirements on the operation parameters for high fidelity gate implementation in the presence of dephasing or relative detuning are thus qualitatively similar to those for the non-adiabatic gate in the sense that the coupling strength must be increased and the run-time decreased.
To fully address the issue of robustness of the nonadiabatic scheme for quantum computation one must also analyze the robustness of the two-qubit gate proposed in Ref. [9] . The two-qubit gate involves coupled Λ systems, that could be implemented using for example trapped ions coupled via collective spatial vibrations as in the Sørensen-Mølmer ion trap scheme [38] . In addition to errors emanating from imperfections in the driving fields and the interaction of the Λ systems with the environment, the analysis would have to involve errors originating from the coupling mechanism as well.
